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a b s t r a c t
In this work, we prove that every Jordan θ-derivation is a θ-derivation. So we give an
affirmative answer to a problem posed by C. Baak andM.S. Moslehian in the paper [C. Baak
and M.S. Moslehian, On the stability of θ-derivations on JB∗-triples, Bull. Braz. Math. Soc.
38 (1) (2007) 115–127].
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
We recall that a (complex) JB∗-triple is a complex Banach space J with a continuous triple product J × J × J 3
(x, y, z) 7→ {x, y, z} ∈ Jwhich is bi-linear and symmetric in the outer variables and conjugate linear in the middle variable,
and satisfies:
(i) (Jordan Identity) L(a, b){x, y, z} = {L(a, b)x, y, z} − {x, L(b, a)y, z} + {x, y, L(a, b)z} for all a, b, x, y, z ∈ J, where
L(a, b)x := {a, b, x};
(ii) the operator L(a, a) : J→ J is a hermitian operator with non-negative spectrum;
(iii) ‖L(a, a)a‖J = ‖a‖3J for all a ∈ J.
We refer the reader to [1–5] for recent surveys on the theory of JB∗-triples.
Throughout this work, let J be a complex JB∗-triple.
Definition 1.1. Let θ : J→ J be a C-linear mapping. A C-linear mapping D : J→ J is called a θ-derivation on J if
D({x, y, z}) = {D(x), θ(y), θ(z)} + {θ(x),D(y), θ(z)} + {θ(x), θ(y),D(z)}
for all x, y, z ∈ J.
Definition 1.2. Let θ : J→ J be a C-linear mapping. A C-linear mapping D : J→ J is called a Jordan θ-derivation on J if
D({x, x, x}) = {D(x), θ(x), θ(x)} + {θ(x),D(x), θ(x)} + {θ(x), θ(x),D(x)}
for all x ∈ J.
In the paper [2], the authors studied the stability of θ-derivations on JB∗-triples and posed the following open problem:
Problem 1.3. Is every Jordan θ-derivation a θ-derivation?
E-mail address: a.nejati@yahoo.com.
0893-9659/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2008.08.002
A. Najati / Applied Mathematics Letters 22 (2009) 658–660 659
2. Main result
The aim of this work is to give an affirmative answer to Problem 1.3. First, we need the following lemma.
Lemma 2.1. Let D : J→ J be a Jordan θ-derivation. Then
D({x, x, y}) = {D(x), θ(x), θ(y)} + {θ(x),D(x), θ(y)} + {θ(x), θ(x),D(y)},
D({x, y, x}) = {D(x), θ(y), θ(x)} + {θ(x),D(y), θ(x)} + {θ(x), θ(y),D(x)}
for all x, y ∈ J.
Proof. Let A : J × J × J→ J be a mapping defined by
A(x, y, z) := {D(x), θ(y), θ(z)} + {θ(x),D(y), θ(z)} + {θ(x), θ(y),D(z)}
for all x, y, z ∈ J. It is clear that the mapping A is bi-linear and symmetric in the outer variables and conjugate linear in the
middle variable.
Since D : J→ J is a Jordan θ-derivation, then D({x, x, x}) = A(x, x, x) for all x ∈ J. Therefore we have
D({x+ y, x+ y, x+ y}) = {D(x)+ D(y), θ(x)+ θ(y), θ(x)+ θ(y)} + {θ(x)+ θ(y),D(x)+ D(y), θ(x)+ θ(y)}
+ {θ(x)+ θ(y), θ(x)+ θ(y),D(x)+ D(y)}
= D({x, x, x})+ D({y, y, y})+ 2A(x, x, y)+ 2A(x, y, y)+ A(x, y, x)+ A(y, x, y) (2.1)
for all x, y ∈ J. On the other hand, we have
{x+ y, x+ y, x+ y} = {x, x, x} + {y, y, y} + 2{x, x, y} + 2{x, y, y} + {x, y, x} + {y, x, y}
for all x, y ∈ J. Therefore
D({x+ y, x+ y, x+ y}) = D({x, x, x})+ D({y, y, y})+ 2D({x, x, y})+ 2D({x, y, y})+ D({x, y, x})+ D({y, x, y}) (2.2)
for all x, y ∈ J. It follows from (2.1) and (2.2) that
2D({x, x, y})+ 2D({x, y, y})+ D({x, y, x})+ D({y, x, y}) = 2A(x, x, y)+ 2A(x, y, y)+ A(x, y, x)+ A(y, x, y) (2.3)
for all x, y ∈ J. Replacing y by−y in (2.3), we get
− 2D({x, x, y})+ 2D({x, y, y})− D({x, y, x})+ D({y, x, y}) = −2A(x, x, y)+ 2A(x, y, y)− A(x, y, x)+ A(y, x, y)(2.4)
for all x, y ∈ J. If we subtract (2.4) from (2.3), then we infer
2D({x, x, y})+ D({x, y, x}) = 2A(x, x, y)+ A(x, y, x) (2.5)
for all x, y ∈ J. Replacing y by iy in (2.5), we get
2D({x, x, y})− D({x, y, x}) = 2A(x, x, y)− A(x, y, x) (2.6)
for all x, y ∈ J. Hence, it follows from (2.5) and (2.6) that
D({x, x, y}) = A(x, x, y), D({x, y, x}) = A(x, y, x)
for all x, y ∈ J. The proof is completed. 
Theorem 2.2. Let D : J→ J be a Jordan θ-derivation. Then D is a θ-derivation.
Proof. Let A : J×J×J→ J be the mapping defined in the proof of Lemma 2.1. It is easy to obtain the following equality:
{x1 + x2 + x3, x1 + x2 + x3, x1 + x2 + x3} =
3∑
k=1









+ 2{x1, x2, x3} + 2{x1, x3, x2} + 2{x2, x1, x3} (2.7)
for all x1, x2, x3 ∈ J. So












D({xk, xk, xj})+ 2D({x1, x2, x3})+ 2D({x1, x3, x2})+ 2D({x2, x1, x3}) (2.8)
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for all x1, x2, x3 ∈ J. Since D is a Jordan θ-derivation, then we have
D({x1 + x2 + x3, x1 + x2 + x3, x1 + x2 + x3})
= {D(x1)+ D(x2)+ D(x3), θ(x1)+ θ(x2)+ θ(x3), θ(x1)+ θ(x2)+ θ(x3)}
+ {θ(x1)+ θ(x2)+ θ(x3),D(x1)+ D(x2)+ D(x3), θ(x1)+ θ(x2)+ θ(x3)}
+ {θ(x1)+ θ(x2)+ θ(x3), θ(x1)+ θ(x2)+ θ(x3),D(x1)+ D(x2)+ D(x3)}
for all x1, x2, x3 ∈ J. Hence, it follows from the last equality and Lemma 2.1 that












D({xk, xk, xj})+ 2A(x1, x2, x3)+ 2A(x1, x3, x2)+ 2A(x2, x1, x3) (2.9)
for all x1, x2, x3 ∈ J. So, we get from (2.8) and (2.9) that
D({x1, x2, x3})+ D({x1, x3, x2})+ D({x2, x1, x3}) = A(x1, x2, x3)+ A(x1, x3, x2)+ A(x2, x1, x3) (2.10)
for all x1, x2, x3 ∈ J. Replacing x2 by ix2 in (2.10), we get
− D({x1, x2, x3})+ D({x1, x3, x2})+ D({x2, x1, x3}) = −A(x1, x2, x3)+ A(x1, x3, x2)+ A(x2, x1, x3) (2.11)
for all x1, x2, x3 ∈ J. Subtracting (2.11) from (2.10), we infer that
D({x1, x2, x3}) = A(x1, x2, x3)
for all x1, x2, x3 ∈ J. This completes the proof. 
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